Residual stresses are generated in living tissues by processes of growth and adaptation and they significantly influence the mechanical behaviour of the tissues. Thus, to effectively model the elastic response of the tissues relative to a residually stressed configuration the residual stresses need to be incorporated into the constitutive equations. The purposes of this paper are (a) to summarise a general elastic constitutive formulation that includes residual stress, (b) to specify the tensors needed for the three-dimensional implementation of the theory in a nonlinear finite element code, and (c) to use the theory and its implementation to evaluate the wall stress distribution in an abdominal aortic aneurysm (AAA) using patient specific geometry and material model parameters. The considered material is anisotropic with two preferred directions indicating the orientation of the collagen fibres in the aortic tissue. The method described in this paper is general and can be used, by specifying appropriate energy functions, to investigate other residually stressed biological systems.
Introduction
Stresses that are present in a material body in the absence of any applied loads (either body forces or surface tractions) are referred to as residual stresses, as in the definition of Hoger (1985) . The existence of residual stresses in plants, human tissues, insects and other animals has been the subject of many publications, including, for example, Nienhaus et al. (2009) , Vandiver and Goriely (2009) , Holzapfel and Ogden (2010) and Tierney et al. (2010) . They are associated with tissue growth and remodelling and we refer to Taber (1995) , Skalak et al. (1996) , Yeni et al. (2002) , Ambrosi et al. (2008) , Olsson and Klarbring (2008) , Vandiver and Goriely (2009) and Wells and Walter (2010) , and to the references therein, for a detailed discussion of various aspects of the development of residual stresses due to morphological changes in the tissues.
That residual stresses are present in biological materials has been known for a long time, but their consequences for the behaviour of biological systems, from a biomechanics point of view, are yet to be fully appreciated. This has created considerable interest during the last few years and many valuable publications have resulted from attempts to understand the influence of residual stresses on the biomechanical behaviour of, in particular, artery walls and the heart.
To characterize the effect that residual stresses have on the behaviour of biological systems it is necessary to know their actual spatial distribution. Fung (1983) emphasized the influence of residual stresses in explaining the experimentally observed responses of tubular sections of arterial tissue, and he introduced the so-called opening angle experiment in order to quantify the magnitude of the residual stress (Chuong and Fung, 1986) , although this technique gives only a crude measure of residual stresses. It was also used by Vaishnav and Vossoughi (1987) to estimate the residual stress distribution and the corresponding strains in bovine and porcine aortas. The opening angle test is essentially two dimensional and reveals only information about the radial and circumferential residual stresses in a cross section of an artery wall, although it is well known that axial residual stresses also exist. To account for the latter, a three-dimensional analytical method for determining the layer specific residual stress distribution using data from a human aorta was developed by Holzapfel and Ogden (2010) .
Experimental techniques have been used to determine residual stresses indirectly by measuring the deformation associated with the relief of resid-ual stress by cutting tissue specimens. For example, Costa et al. (1997) determined the three-dimensional strain distribution in a canine left ventricle sample after cutting relative to the intact state and were able to infer information about the associated residual stresses that were present prior to the cut, although they did not quantify these. Similarly, Wang et al. (2015) measured strains in ocular tissues resulting from stress-relieving cuts. These authors refer to 'residual strains' associated with residual stresses. However, we emphasize that, unlike true (residual) stress, strain depends on the choice of reference configuration, and in the present work we consider strain to be measured from the residually stressed configuration (and therefore to vanish in that configuration). Thus, we do not associate a strain with a residual stress. Fung (1983) and Chuong and Fung (1986) emphasized the need to include residual stresses in any analysis used to determine the actual stress distribution in the loaded material. With this in mind and using appropriate constitutive equations, Holzapfel et al. (2000) performed a detailed stress analysis of the arterial wall and compared the stress distribution with and without taking residual stress into account, therefore highlighting the significant difference that residual stresses can make. In general, analytical methods used to determine the arterial wall stress distributions assume, as in Holzapfel et al. (2000) , that the artery is a circular tube of incompressible material, with constant cross section and wall thickness and subject to a constant pressure. Analytical methods must be replaced by a numerical approach if these calculations are to be applied to patient specific geometries.
Using a numerical approach in an analysis of the elasticity of the human left ventricle in diastole, Wang et al. (2014) adopted the Holzapfel and Ogden (2009) constitutive formulation modified to include residual stresses. Based on the analysis of Holzapfel and Ogden (2010) , the effect of residual stresses was also incorporated into the finite element formulation of Pierce et al. (2015) , which was used to determine the wall stress distribution of patientspecific abdominal aortic aneurysms (AAAs). For a review of the literature on modelling the mechanics of human abdominal aortas and AAAs we refer to Humphrey and Holzapfel (2012) .
In the present paper we are also concerned with the application of an elasticity model that includes residual stresses to the computational analysis of the wall stress distribution in a patient specific AAA geometry when subject to a physiological pressure. We begin in Section 2 with an overview of the basic equations required to present a general elastic, invariant-based anisotropic constitutive formulation that includes residual stress. In Section 3 we develop a three-dimensional incremental formulation appropriate for the implementation of the theory in a nonlinear finite element code, including a suitable elasticity tensor. For numerical purposes the general constitutive formulation is specialized to a simple prototype model and a simple representation of the residual stress distribution is adopted.
As well as possessing anisotropy associated with residual stresses in its unloaded (reference) configuration, the considered material has anisotropy corresponding to two preferred directions that are identified with the orientations of two families of collagen fibres in the aortic tissue. In Section 4 we describe the patient specific finite element model, the experimentally determined material parameters, the fibre orientations and, in Section 5, the results of the finite element calculations. Section 6 contains some concluding remarks.
Basic equations

Kinematics
The region B r occupied by an unloaded, residually stressed deformable body is chosen as the reference configuration from which the deformation is measured. The location of a material particle in B r is identified by its position vector X relative to some fixed origin. Let B denote the configuration of the body after deformation from B r , with x denoting the position vector occupied by the material particle which was at X in B r . The deformation is described in terms of the vector function χ through x = χ(X), X ∈ B r , and it is assumed that χ has sufficient regularity for the ensuing analysis.
The deformation gradient tensor F relative to the configuration B r is defined by
where Grad is the gradient operator with respect to X, as distinct from grad, the usual gradient with respect to x. The deformation gradient has Cartesian components F iα = ∂x i /∂X α , where i, α ∈ {1, 2, 3}. Roman indices are associated with the current configuration B and Greek indices with the reference configuration B r . We also use the standard notation J to denote the determinant of F:
Note that J, which by convention is taken to be positive, relates an infinitesimal volume element dv in B to its counterpart dV in B r via dv = JdV , a connection which will be used later. Associated with F are the right and left Cauchy-Green deformation tensors defined, respectively, by
where T indicates the transpose of a second-order tensor. Of particular interest are the principal invariants of C (equivalently of B) given by
For an incompressible material J = 1 and I 3 = 1, and we remark that the incompressibility idealization is often adopted for biological tissues. For full details of the background on continuum kinematics and the associated theory of nonlinear elasticity we refer to Ogden (1997) and Holzapfel (2000) .
Structure tensors
Suppose that in its reference configuration the material is endowed with a structure that is identified by the presence of preferred directions corresponding to unit vectors M(X) and M (X), typically associated with the mean directions of two families of collagen fibres which endow the material with anisotropic properties. From these preferred directions are defined the structure tensors M ⊗ M and M ⊗ M . Following Spencer and Rivlin (1959) and Spencer (1971) we note that the integrity basis for three symmetric second-order tensors in three dimensions includes invariants, typically denoted I 4 , I 5 , I 6 , I 7 , that depend on M ⊗ M and M ⊗ M and defined by
and additionally a coupling invariant, denoted I 8 , that involves both fibre directions defined by M · (CM )M · M , which is independent of I 1 , . . . , I 7 if M·M = 0. If M·M = 0 then it may alternatively be defined by [M·(CM )] 2 , but in this case the latter can be expressed in terms of I 1 , . . . , I 7 , specifically
as given in Merodio and Ogden (2006) for an incompressible material. The same formula applies for a compressible material with the appropriate definition of I 2 . In the reference configuration the above invariants reduce to
2.3. Residual stress We now suppose that the residual stress tensor in the reference configuration B r is denoted by τ , and that there are no intrinsic couples in this configuration, so that τ is symmetric and satisfies the equilibrium equation
where Div denotes the divergence operator with respect to B r . Since the reference configuration is unloaded there are no surface tractions applied to the boundary ∂B r , so τ must also satisfy the boundary condition
where N is the unit outward normal to the boundary ∂B r of B r . Note that (8) and (9) imply that the residual stress in B r is non-uniform. Associated with τ are invariants analogous to those of C. We denote these by R 1 , . . . , R 8 with the definitions
and
2 . Since these are independent of the deformation it will be convenient later to denote this set of invariants collectively as R = {R 1 , R 2 , . . . , R 8 }.
Next, we list the invariants that depend only on τ and C. There are just four independent such invariants, which we denote by I 9 , I 10 , I 11 , I 12 , these being defined by
) and M · (Cτ Cτ M ), for example, and those obtained by reversing the roles of τ and C can be expressed in terms of the previously listed invariants, as exemplified in Appendix A, in which a procedure has been outlined for obtaining connections between the invariants. However, illustration of the theory would be far too complicated if all such invariants were to be included, and for the application considered in the following sections a considerably reduced set of invariants will be adopted, but a set that accounts for both preferred directions and the residual stress.
Hyperelastic materials
The theory of hyperelasticity describes the elastic response of a material using a strain-energy function, defined per unit volume in the reference configuration B r , which we denote by W . In the absence of residual stress and preferred directions, for a homogeneous material W depends only on the deformation gradient F, and, by objectivity, it depends of F through C, and we write W = W (C). For a residually stressed, anisotropic elastic solid with two preferred directions, W depends on C, on the structure tensors M ⊗ M, M ⊗ M and also on the residual stress τ , and we express this dependence by writing
The nominal and Cauchy stress tensors, denoted S and σ respectively, are given by the standard formulas
σ being symmetric, or in Cartesian components
the first of which identifies the convention used here for the order of the indices in the differentiation with respect to a non-symmetric second-order tensor. Here and henceforth, the summation convention for repeated indices is used. In the reference configuration the stress calculated from (18) and (19) must recover the residual stress in that configuration, so that, with the arguments included, we must have
where I r is the identity tensor in B r . We shall return to this restriction later. It is sometimes convenient to separate the dependence of W on F into dilatational and volume preserving contributions, and for this purpose, following Flory (1961) and Ogden (1978) , we introduce the multiplicative decomposition
whereF is the isochoric contribution to the deformation, satisfying detF = 1, and J describes the dilatation. For further discussion of this decomposition we refer to Ogden (1997) and Holzapfel (2000) . The isochoric right and left Cauchy-Green tensors are, respectively, given bȳ
To account for the decomposition in the material properties we separate the dependence on C into dependence onC and J, and define the modified strain-energy functionW bȳ
from which, following Ogden (1978) , the nominal and Cauchy stresses can be calculated as
where I is the identity tensor in B. From the latter it follows that
the hydrostatic part of the stress, a result given in Ogden (1978) and for an isotropic material in Penn (1970) . For the considered structure the strain energy must be an isotropic function of the four tensors C, M ⊗ M, M ⊗ M , τ , and W is then reduced to dependence on the invariants of the tensors listed in Sections 2.1-2.3. Equivalently, it can be regarded as depending on the isochoric invariants together with J. We distinguish the isochoric invariants with an overbar. Thus, by replacing C byC in the definitions of the invariants involving C we obtain I 3 = 1 andĪ i = J −2/3 I i , i = 1, 4, 6, 9, 10, , 5, 7, 11, 12, (28) and similarly for the other invariants, for which we have not adopted particular notations. For a simple illustration that includes dependence on both preferred directions and the residual stress, we consider an energy function that depends only on the invariantsĪ 1 ,Ī 4 ,Ī 6 andĪ 9 , along with J and the collection R (or a subset of R) of invariants independent of C:
The expression for the Cauchy stress based on W may be expanded as
where m = FM, m = FM , Σ = Fτ F T , which are, respectively, the push forward versions of M, M and τ from B r to B. Here W i = ∂W/∂I i , i = 1, 3, 4, 6, 9.
Alternatively, based onW , and withW i = ∂W /∂Ī i , i = 1, 4, 6, 9, and W J = ∂W /∂J,
in which we have made use of the formulas
where dev indicates the deviatoric part of a second-order tensor defined by
andm =FM,m =FM ,Σ =FτF T . In the reference configuration the specialization of (21) becomes, from (30),
while from (31), noting that devB = 0 in the reference configuration,
all the derivatives being evaluated in the reference configuration, where I 1 = 3, I 3 = 1, I 4 = I 6 = 1, I 9 = trτ . It may be deduced from (35) that
in the reference configuration, and henceW 4 =W 6 = 0, 2W 9 = 1. In the absence of preferred directions the conditions (37) are special cases of those given in Shams et al. (2011) . It follows from (36) that in the reference configuration the conditionW
must be satisfied.
Following a common practice in computational mechanics, we decouple the energy function into the sum of a part that depends onC and a part that depends on J. Here we express this in the form
whereW iso andW vol denote the volume-preserving (isochoric) and volumetric (dilatational) contributions. Note that in general we allowW vol to depend of the set of invariants R as well as J.
We now specialize this to the particular model involvingĪ 1 ,Ī 4 ,Ī 6 ,Ī 9 , J that we considered earlier, so that
From (31) we are then able to decompose the Cauchy stress into the sum of an isochoric part (apart from the factor J −1 ), denotedσ, and a volumetric part, denoted σ vol , so that σ =σ + σ vol , wherē (41) and
Towards numerical implementation
Exact solutions of boundary-value problems for materials subject to residual stress are possible only for a limited number with simple geometries, constitutive models and residual stress distributions, as exemplified in Merodio et al. (2013) , Merodio and Ogden (2015) and Ogden (2015) . In general, therefore, numerical solutions are required, and in this section we develop a tensor framework suitable for implementation of a nearly incompressible, anisotropic and residually stressed material model in the finite element package Abaqus (2013) .
For this purpose we consider a small incremental displacement, denoteḋ x =χ(X), superimposed on the configuration B, where here and in the following a superposed dot signifies an incremental quantity. By using the inverse deformation X = χ −1 (x),ẋ can be expressed in Eulerian form as a function u(x) =χ(χ −1 (x)). This leads to the important connectioṅ
for the increment of the deformation gradient. The tensor L, the spatial gradient of u, has Cartesian components L ij = ∂u i /∂x j . Its symmetric and antisymmetric parts are denoted D and W, respectively, and given by
Abaqus makes use of the Jaumann rate of the Kirchhoff stress Jσ and the associated elasticity tensor. Here we consider the Jaumann increment, denoted D(Jσ), of the Kirchhoff stress. This is related to the incrementJ σ by
and the associated (fourth-order) elasticity tensor, denoted C C C, comes from the connection
where the operator : represents the standard double contraction, defined in index notation by A : B = tr(AB T ) = A ij B ij for two second-order tensors, or (C C C : D) ij = C ijkl D kl in the above. Since the contractions considered in the following involve only symmetric tensors the transpose can be omitted.
Thus, we have, from equations (45) and (46),
For the decoupled model (39), on which we focus from now on, the stress incrementJ σ can be decomposed into isochoric and volumetric components, which are denoted respectively byJσ andJ σ vol . Hence, from equation (47) it follows thatJσ =C C C :
whereC C C is the isochoric and C C C vol the volumetric part of the elasticity tensor, i.e. C C C =C C C + C C C vol . We now calculateJσ andJ σ vol directly from (41) and (42) in order to obtain explicit expressions forC C C and C C C vol .
An elasticity tensor
With attention restricted to the decoupled energy function (39) and the Cauchy stress given by (31), the increment of the isochoric part (41) can be written aṡ
For convenience, the expressionsẆ i , i ∈ {1, 4, 6, 9}, are written aṡ
The increments of the invariants are given byİ
From the definition of devB it follows that its increment is given bẏ
while the increment ofB can be written aṡ
where the fourth-order tensor H H H has the component form
Equation (53) can now be writteṅ
and henceḋ evB = B B B :
where, for convenience, we have introduced the fourth-order tensor B B B defined by
Following a similar process to that leading to equation (57), the increments of dev(m ⊗m), dev(m ⊗m ) and devΣ can be written aṡ
where M M M, M M M and S S S, respectively, are given in component form by
By first substituting (52) into (51) and then (51) and (57)-(61) into (50) and then comparing the result with equation (48) the explicit expression for the isochoric partC C C of the elasticity tensor is obtained as
wherein the derivatives ofW are the same as those ofW iso . The increment of the volumetric part of the Cauchy stress Jσ vol is given byJ
where the increment of J is given byJ = J trD. Comparison of this with equation (49) enables C C C vol to be expressed in the form
The total elasticity tensor is then obtained as C C C =C C C + C C C vol .
Constitutive model
In order to implement the model within a finite element framework a particular form of the decoupled energy functionW in (39) is required. For definiteness we chooseW iso to consist of a contribution from the isotropic base matrix, and anisotropic contributions from two families of oriented fibres and from the residual stress. We take the response of the isotropic base matrix to be given by the exponential strain-energy function due to Demiray (1972) , and the anisotropic character using the formulation developed by Holzapfel et al. (2000) . The residual stress is accounted for in a simple way by using a single term, as in Merodio et al. (2013) , Ogden (2015) and Merodio and Ogden (2015) , following a slightly more general form adopted in Shams et al. (2011) .
The isochoric partW iso of the energy function can then be written in the formW
where µ denotes the shear modulus of the matrix in its reference configuration, µ f is related to the degree of anisotropy due to the fibres (µ and µ f have dimensions of stress) and α and k are dimensionless parameters. The final term is chosen for consistency with the restriction (37) 3 , while the term trτ ensures thatW iso = 0 in the reference configuration. For the volumetric partW vol of the strain energy there are multiple possible choices, but they must be consistent with (38). We take it to have the formW
The first term is standard in finite element implementations, where κ is referred to as a penalty parameter (see, for example, Adler et al., 2014) , which, for nearly incompressible materials, is taken to be sufficiently large so as to minimize changes in volume. The second term is included for consistency with (38), but J − 1 therein could be replaced by another suitable function that ensures such consistency, one such being log J. The Cauchy stress obtained from (31) corresponding to the isochoric and volumetric energy functions (66) and (67) is then given by
Our objective in the following is to estimate the wall stress in an abdominal aortic aneurysm (AAA) based on a patient-specific geometry combined with a non-uniform distribution of wall pressure using the constitutive law outlined above with residual stress included. Details of the considered wall pressure measurements and the geometrical data are given in Dorfmann et al. (2010) .
To the best of our knowledge there are no available data that specify the magnitudes and distributions of the residual stresses in human AAAs. Recent studies have used different approaches to estimate residual stresses. Humphrey and Rajagopal (2002) developed a mixture theory for growth and remodeling of soft tissues. The theory is based on constituents that possess different natural configurations, which generate residual stresses in the absence of applied tractions. They reasoned that it is unlikely that each material particle will have the same natural configuration and therefore the opening angle experiment is a compromise of the individual natural configurations (Saini et al., 1995) . A similar conclusion was drawn in Labrosse et al. (2013) . Balzani et al. (2007) considered an open arterial ring as the natural configuration and used a numerical method to estimate the stress distribution after the intact ring was reconfigured. Residual stresses in the axial direction were not considered. The method was then applied to an atherosclerotic artery. Balzani et al. (2007) state that the numerical simulation illustrates how to incorporate residual stresses and does not represent a realistic simulation of the residual stresses in arterial walls. Alastrué et al. (2007) presented a methodology for including residual stress fields in arteries having patient-specific geometries. Specifically, they assumed a multiplicative decomposition of the deformation gradient. A sensitivity analysis was performed to evaluate the influence of selected model parameters such as axial stretch, the opening angle and the internal radius of the natural configuration. Ambrosi et al. (2008) investigated growth and remodeling processes in an axisymmetric thick-walled cylinder to estimate the residual stress field. The Green strain, given in terms of displacement gradient and a growth stretch tensor, was used in a hyperelastic constitutive law to express Piola stress components. The authors acknowledged the limitations of the model such as the use of isotropic material properties and unrealistic pressure boundary conditions. Polzer et al. (2013) assumed isotropic volumetric growth and estimated the residual strain distribution in the load-free configuration of the vascular wall such that stress differences across the wall are minimized (homogeneous stress hypothesis at mean arterial pressure load). The method, when applied to patient-specific AAA, predicts a tenfold reduction of the von Mises stress gradient across the aneurysmal wall. This is not surprising since the homogeneous stress hypothesis is used to estimate the residual strain distribution. An analytical method was used by Pierce et al. (2015) to estimate the residual stretches in the layered structure of a healthy arterial wall based on the geometry considered in Holzapfel and Ogden (2010) . The residual stretches were then used to estimate numerically the residual stress in imaged in vivo geometries of patient specific AAAs.
Bearing in mind that the geometry of typical patient specific AAAs is, in general, very irregular and cannot be approximated by a circular cylindrical tube with constant cross section it is nevertheless useful, as a precursor to consideration of the possible AAA residual stress distribution, to examine first the residual stress in a thick-walled circular cylindrical tube, which we do in the following.
Consideration of residual stress in a circular cylindrical tube
A residual stress must satisfy the equilibrium equation (8) and the boundary condition (9). For a circular cylindrical tube their specializations were used by Merodio et al. (2013) , Ogden (2015) and Merodio and Ogden (2015) in which the only nonzero components of the residual stress considered were the radial and azimuthal components, denoted respectively by τ RR and τ ΘΘ , where R, Θ are the cross-sectional polar coordinates (in the reference configuration). In this situation equation (8) reduces to the radial equation
and the boundary condition (9) to
where A and B are the internal and external radii of the tube in the reference configuration B r . The specific form of τ RR used can be written as
where α r has the units of stress/(length) 2 and is a measure of the magnitude of the residual stress. The expression (71) satisfies the boundary condition (70). It follows from (69) that τ ΘΘ has the form
Plots of τ RR and τ ΘΘ based on equations (71) and (72) are illustrated in Fig. 1 for A = 10.7 mm, B = 12.7 mm, values used in Dorfmann et al. (2010) , and α r = 0.9 kPa/mm 2 , the latter chosen to approximate stress magnitudes reported in Ogden (2003) were extracted. The corresponding unit basis vectors E R , E Θ , E Z are associated with the local radial, azimuthal and axial directions in the tube in its reference (unloaded) configuration. Each specimen is assumed to include two families of parallel fibres oriented at angles ±ϕ relative to the circumferential direction, the unit vector directions being denoted byM andM and given byM
During each test the axial stretch λ z , corresponding to the direction E Z , was held constant at physiologically realistic values while the specimen was subjected to five loading-unloading cycles in the circumferential direction E Θ . The nonlinear iterative function f mincon of the commercial software package MATLAB (2014) was used to determine the (non-negative) values of µ, α, µ f , k, ϕ required in (66). These residual stress distributions are very similar to those obtained from the opening angle method, as exemplified in Ogden (2003) , and are therefore realistic, given that the method is two dimensional and does not consider longitudinal residual stresses.
Patient based AAA model
Material parameters
In order to determine patient specific values of the material parameters in the isochoric part (66) of the energy function strain-controlled, planar biaxial tests on tissue samples from a AAA resected during elective repair surgery (Pancheri, 2014) were performed. The biaxial specimens are described with reference to cylindrical polar coordinates (R, Θ, Z), which relate to the local placement of the specimens in a circular cylindrical tube from which they were extracted. The corresponding unit basis vectors E R , E Θ , E Z are associated with the local radial, azimuthal and axial directions in the tube in its reference (unloaded) configuration. Each specimen is assumed to include two families of parallel fibres oriented at angles ±ϕ relative to the circumferential direction, the unit vector directions being denoted byM andM and given
During each test the axial stretch λ z , corresponding to the direction E Z , was held constant at physiologically realistic values while the specimen was subjected to five loading-unloading cycles in the circumferential direction E Θ . The nonlinear iterative function f mincon of the commercial software package MATLAB (2014) was used to determine the (non-negative) values of µ, α, µ f , k, ϕ required in (66).
The penalty parameter in the function (67) was taken as κ = 20, 000 kPa. The values of all the material parameters are listed in Table 1 . (66) and (67). The values of µ, µ f and κ are given in kPa, the angle ϕ in degrees. 
Summary of model parameters
µ (kPa) α µ f (kPa) k ϕ • κ(kPa
Computational model of a AAA
A computational model of a patient-based AAA with a non-dilated inner diameter of 21.4 mm, maximum outer diameter of 56.5 mm and bulge length of 67 mm was used for the numerical implementation and to analyze the effect of the residual stress on the wall stress distribution at a typical physiological pressure. The wall thickness of the model is assumed to be uniform and set at 2 mm and the outer diameter of the model entrance and exit to 25.4 mm. Zero displacement boundary conditions were applied at the entrance and exit.
The geometry and finite element structure of the AAA model are shown in Fig. 2 . This is the same structure as in Dorfmann et al. (2010) and uses 63, 654 hexahedral elements connected at 127, 926 nodes, with four elements through the wall thickness. We refer to Dorfmann et al. (2010) for a more detailed description.
The pressure distribution applied to the inner surface was obtained from measurements in a patient-based phantom cast at a series of physiologically relevant steady flow rates (Dorfmann et al., 2010) . The data show that the wall pressure is 16.0 kPa at the phantom entrance Z = 0, where Z is the axial position in a global Cartesian coordinate system. At mid-bulge the pressure drops to its minimum of 15.5 kPa (Z = 120-140 mm) and recovers to 15.9 kPa at the bulge exit (Z = 215 mm). The wall pressure applied to the inner surface of the computational model is uniform in the circumferential direction and varies longitudinally.
Fibre orientations in the AAA model
The unit vectorsM andM specify the preferred directions in a biaxial specimen, or equivalently locally in an unloaded circular cylindrical tube.
To define the 'corresponding' orientations in the AAA model, we use the projection tensor P, defined by
to generate images ofM andM projected onto the wall surface defined by the local normal unit vector N. This is accomplished by first identifying a three-dimensional piecewise linear centreline of the AAA. The straight line connecting the centroid of each element to the nearest linear section of the centreline defines the local direction E R , the orientation of the centreline specifies E Z and their cross product provides E Θ based on a small circular
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Step cylinder centred locally on the centreline, as depicted in Fig. 3 . Note that Z here is a local cylindrical polar coordinate which should be distinguished from the global Cartesian Z. The local orientation of the preferred directions in the AAA model are then given by the unit vectors M and M defined by
It is from these directions that the invariantsĪ 4 andĪ 6 in the isochoric energy function (66) appropriate for the AAA are calculated.
Inclusion of residual stress
In order to include the residual stress in the AAA we first consider the components τ RR and τ ΘΘ in a cylinder whose wall thickness is the same as that of the AAA, remembering that in a circular cylinder τ ZZ = 0. Then, the residual stress τ can be written in the spectral form
21
centre line
Figure 3: Location of the piecewise linear centre line, which is used to define a local cylindrical coordinate system with unit basis vectors E R , E Θ , E Z .
Inclusion of residual stress
where E R , E Θ , E Z are the cylindrical polar axes in the unloaded residually stressed cylinder, as identified in Fig. 3 . These are mapped onto corresponding unit vectors in the AAA surface according to E R = N, E Θ , E Z by means of a rotation tensor, say R, so that
N again being the unit outward normal to the AAA surface. We map τ similarly to the AAA surface as Rτ R T , so that
21
where E R , E Θ , E Z are the cylindrical polar axes in the unloaded residually stressed cylinder, as identified in Fig. 3 . These are mapped onto corresponding unit vectors in the AAA, denoted E R = N, E Θ , E Z , by means of a rotation tensor, say R, so that
N again being the unit outward normal to the AAA surface. We map τ similarly to the AAA as Rτ R T , so that
Hence, the radial component of residual stress becomes the normal component in the AAA and the azimuthal component is locally tangential within the AAA. It remains to define a suitable E Θ . Noting that the azimuthal direction in the cylinder is E Θ , its projection to the AAA is PE Θ . It is therefore appropriate to define E Θ as the corresponding unit vector:
Then E Z is the unit vector in the direction N × E Θ , but we note that E Z cannot be defined as PE Z /|PE Z | since this is not expressible as RE Z and 22 is not perpendicular to E Θ . The form of R is determined numerically from the geometry of the computational model of the AAA.
Results
In order to illustrate the theory of the preceding sections we now summarize the numerical results of a nonlinear finite element analysis that uses the patient specific AAA geometry and patient based material parameters described above. The numerical procedure makes use of a purposely written material subroutine, called UMAT, based on the constitutive formulations given in (66) and (67), and uses Abaqus to solve the corresponding equations.
In many previous papers, exemplified by Raghavan and Vorp (2000), , Wang et al. (2002) , Lu et al. (2007) , Scotti et al. (2008) and Maier et al. (2010) , the von Mises stress has been used to characterize the stress distributions in the walls of AAAs, and here we also adopt this as our stress measure, which we denote by σ vm , defined as σ vm = 3σ :σ/2. The wall stress distribution on the inner and outer surfaces of the AAA wall is then visualized on the geometry of the reference configuration B r . Our computation has shown that when the residual stress is included in the model the magnitudes and distributions of the von Mises stress are very similar to those without residual stress, and so we illustrate only the former.
The results of our computation, based on the model energy function with residual stress included, are shown in Figs. 4 and 5. First, the von Mises stress distribution in a AAA at a physiological relevant pressure applied to the inner surface is shown in Fig. 4 . The two images in Fig. 4(a) and (b) show the distribution on the inner surface, right and left sides respectively, and (c) and (d) provide the distribution on the outer surface of the AAA, left and right sides respectively. For ease of reference the orientation of the global Cartesian coordinate system (X, Z) in the plane section dividing the two sections of the AAA is included in each of the images. Note, however, that there is no plane of symmetry in the AAA and the shapes of the right and left sections are slightly different.
As expected, the magnitude of the stress is non-uniform and varies widely over each of the inner and outer surfaces. Not surprisingly, the magnitude on the inner surface is, in general, larger than that on the outer surface. In Step:
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Step global Cartesian coordinate system (X, Z) in the plane section dividing the two sections of the AAA is included in each of the images. Note, however, that there is no plane of symmetry in the AAA and the shapes of the right and left sections are different. As expected, the magnitude of the stress is non-uniform and varies widely over each of the inner and outer surfaces. Not surprisingly, the magnitude on the inner surface is, in general, larger than that on the outer surface. In particular, a maximum value of the von Mises stress of 460.85 kPa was found on the inner surface of the left side of the AAA wall shown in Fig. 4(b) .
Secondly, the magnitude of the displacement |u| distributed on the inner and outer surfaces is shown in the four images in Fig. 5 . Similarly to the von Mises stress distribution, the displacement results with and without residual stress are very similar and therefore only those including the residual stress are shown. The maximum displacement for an applied physiological pressure is given by |u| = 16.89 mm. For the computation in which the residual stress is not included the magnitude is similar and to within ±0.03 mm at the each location.
The variation of the von Mises stress across the wall thickness is presented in Figs. 6 and 7. In Fig. 6 this is provided at the location where particular, a maximum value of the von Mises stress of 460.85 kPa was found on the inner surface of the left side of the AAA wall shown in Fig. 4(b) .
The variation of the von Mises stress across the wall thickness is presented in Figs. 6 and 7. In Fig. 6 this is provided at the location where the von Mises stress on the inner surface assumes its maximum value. The discontinuous gradient arises because Abaqus calculates the stress values at the integration point of each element and then extrapolates these values to the nodal points. Since there are four elements through the wall thickness there are five corresponding nodal points, and the values of the stresses at these points have been connected by straight lines. Clearly, the value of the von Step:
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Step sented in Figs. 6 and 7. In Fig. 6 this is provided at the location where the von Mises stress on the inner surface assumes its maximum value. The discontinuous gradient arises because Abaqus calculates the stress values at the integration point of each element and then extrapolates these values to the nodal points. Since there are four elements through the wall thickness there are five corresponding nodal points, and the values of the stresses at these points have been connected by straight lines. Clearly, the value of the von Mises stress drops off significantly from the inner to the outer wall, as would be expected in the case of an inflated circular cylindrical tube. Results with and without residual stress are shown. While there is in general little difference the residual stress has the effect of reducing the von Mises stress slightly near the inner surface. The path in Fig. 7 is chosen at a location where the values of the stress are smaller but larger on the outer surface than on the inner surface. In this case the residual stress reduces the von Mises stress near the inner surface but increases it near the outer surface more significantly than illustrated in Fig. 6 . There is a gradient discontinuity at only one nodal point. Mises stress drops off significantly from the inner to the outer wall. Results with and without residual stress are shown. While there is in general little difference the residual stress has the effect of reducing the von Mises stress slightly near the inner surface.
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The path in Fig. 7 is chosen at a location where the values of the stress are smaller but larger on the outer surface than on the inner surface. In this case the residual stress reduces the von Mises stress near the inner surface but increases it near the outer surface more significantly than illustrated in Fig. 6 . There is a gradient discontinuity at only one nodal point.
Concluding discussion
In this paper we have developed a general constitutive formulation of nonlinear elasticity incorporating two preferred directions and a general residual stress, with the energy function dependent on invariants of the right CauchyGreen tensor, the preferred direction vectors and the residual stress tensor.
The constitutive equation used to validate and verify the analytical aspect of the work is representative of an anisotropic material characterized by two preferred directions and the inclusion of residual stress. For clarity of presentation, we decided on a formulation most frequently used in modeling soft Normalized wall thickness without residual stress with residual stress P P P P P P P P P P anisotropic materials. Constitutive laws that account for distributed fiber orientations (Lanir, 1983; Gasser et al., 2006; Ferruzzi et al., 2011; Gasser et al., 2012) and for multi-scale modeling (Martufi and Gasser, 2011) are available. However, open questions are knowledge of the spatial variation of mechanical properties, of residual stress distribution and of collagen fiber orientations (Saini et al., 1995) . In vivo characterization of the entire AAA wall is necessary to obtain regional variation of mechanical properties to accurately determine the unloaded configuration and ultimately a real patient specific wall stress distribution. For numerical purposes, the energy function has been decomposed into isochoric and volumetric parts. This has then been particularized so that the isochoric part consists of an exponential isotropic term associated with the matrix material within which the preferred directions (fibre orientations) are embedded, two anisotropic exponential terms associated with these directions, and a simple additional term reflecting the presence of residual stress. The volumetric part consists of a penalty function for enforcing the incompressibility constraint and a term dependent on the residual stress to ensure that conditions that the energy function must satisfy in the reference configuration are met.
An elasticity tensor associated with this formulation and based on the Jaumann derivative of the Kirchhoff stress is then obtained for purposes of numerical implementation using Abaqus. There are no reliable data on residual stresses in AAAs, and, therefore, for this study we consider the residual stresses to be based on the expressions suggested in Merodio et al. (2013) and Merodio and Ogden (2015) for a circular cylindrical tube. These are consistent with the known residual stress distributions arising from the opening angle method. The corresponding model parameters have been selected to obtain residual stress magnitudes similar to those given in Ogden (2003) ; Holzapfel and Ogden (2010) and Alford et al. (2010) .
To represent the fibre directions and the residual stress in the AAA a new method has been proposed that maps the two fibre orientations and the residual stress in a circular cylindrical tube configuration onto the irregular geometry of the AAA in a realistic fashion.
To illustrate the efficacy of the formulation we have summarized the main results of a finite element analysis based on a patient specific AAA geometry. It was found that when the effect of residual stress is neglected the maximum von Mises stress is 478.14 kPa, which reduces to 460.85 kPa when the residual stress is included. This finding is consistent with the now accepted understanding that residual stresses in tissues optimize the mechanical performance by homogenizing stress levels. The papers of Vaishnav and Vossoughi (1987) , Delfino et al. (1997) , Holzapfel et al. (2000) , Alastrué et al. (2010) and Pierce et al. (2015) , for instance, report similar findings that support this understanding. However, the trend shown in Fig. 7 indicates that the opposite effect is possible, and this arises because of the irregular shape of the AAA associated with the pathology, which seems to counteract the homogenization that would be expected in a healthy tissue.
It is true that, in general, the residual stress field does have a significant influence on the transmural stress gradient. However, as pointed out by Labrosse et al. (2013) , it is not true that residual stress always reduces the stress gradient across the arterial wall. Labrosse et al. (2013) show that for an opening angle less than 90
• , the in vivo stresses are reduced compared to the case without residual stress. However, the stress gradient keeps increasing with the opening angle. Specifically, by 160
• for the circumferential direction, and 120
• for the longitudinal direction, the gradients exceed those in the case without residual stress. We also like to recall a conclusion by Saini et al. (1995) 'These studies show that measurements of opening angle in otherwise intact rings cannot reveal true values of residual strains'. Hence, they provide an indication of the magnitude of residual stress.
The inclusion of residual stress lowers the magnitude of the maximum stress, our results show that this effect is quite small. By contrast, other authors, including Delfino et al. (1997) , Holzapfel et al. (2000) , Alastrué et al. (2010) and Pierce et al. (2015) , for various arteries, report significant reductions in stress levels when residual stress is accounted for. In particular, Pierce et al. (2015) applied their analysis to AAAs, but in the absence of data they suggested that they may have overestimated the magnitudes of the residual stresses. For the simulations in this paper, the wall thickness to diameter ratio is much smaller than that reported by Delfino et al. (1997) , Alastrué et al. (2010) , which is consistent with the smaller effect of the residual stress reported here. As is the case for the von Mises stress the magnitudes of the displacement field are only slightly modified when residual stresses are included in the model.
We emphasize that we have presented a preliminary analysis here based on inclusion of residual stress in a very simple way. However, the general formulation that we have provided will allow adoption of more complex models within the same framework when this can be justified by the availability of detailed data on residual stresses in AAAs. Clearly, it is important to obtain more data to properly inform the modelling process.
